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ABSTRACT
While many clever techniques have been proposed for visual anal-
ysis, most of these are “one of” and it is not easy to see how to
combine multiple techniques. We propose an algebraic model ca-
pable of representing a large class of visual analysis operations on
graph data. We demonstrate the value of this model by showing
how it can simulate the analyses performed by several groups on
the Catalano family cell phone call record data set as part of the
VAST 2008 challenge.

1. INTRODUCTION
As visual analytics has gained importance as a field, there have

been many impressive systems constructed and many clever tech-
niques invented to support visual analysis of large data sets. From
an application perspective, the ultimate measure of any technique
or system has to be how effective it is in the context for which it is
designed – does it support the derivation of the desired analytical
results. While such a holistic measure may be the ultimate objec-
tive, from an engineering perspective, it is useful to break this down
into pieces. Perhaps there are aspects of multiple systems that are
each superior in their own way – how can we maximize learning
from other systems and integration of novel techniques from mul-
tiple projects.
To enable this sort of integration, we propose an algebra for vi-

sual analysis, with a small number of fundamental operations. The
design of specific systems can then be viewed as supporting spe-
cific expressions in this algebra. We can mix and match ideas from
multiple projects by manipulating these algebraic expressions. Fur-
thermore, we can devise new analysis path by making (often small)
changes to these algebraic expressions that are harder to devise at
the system level without the algebraic abstraction.
The set of operations in the algebra depends very much on the

type of data to be analyzed. We restrict our attention to data that
is naturally represented as a graph, with attributes on nodes and on
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edges. We describe our data model in Sec. 2.
Given a very large graph, the primary impediment to its visual

analysis is size. There are two major ways in which size can be re-
duced, selection (retain only nodes/edges that satisfy a specified
predicate) and aggregation (merge nodes/edges that are in some
equivalence class). In Sec. 3, we develop an algebra that formally
specifies these operators, and a few additional required “house-
keeping” operators.
In Sec. 4, we demonstrate the value of this algebra by showing

how it can represent the analyses performed by several researchers
on one of the problems in the VAST 2008 challenge [4, 14]. Addi-
tional analyses enabled in our algebraic framework are illustrated
in Sec. 5.

2. MODEL
We start by defining the appropriate data structure: let {D(t) =

[G(t), X(t)]}t∈T denote a collection of graphs and their attributes,
indexed by a finite set T ; in the case of the motivating application
the index set corresponds to time and T = {1, 2, · · · , 10}. Fur-
ther, G(t) = (V (t), E(t), A(t)) is the observed graph at time t,
with node set V (t), edge set E(t) and weighted adjacency ma-
trix A(t). The associated attribute structure X(t) is comprised
of three components: X(t) = [XV (t), XE(t), XG(t)], where
XV (t) contains node attributes (e.g. in- and out-degree in the moti-
vating application),XE(t) edge attributes (e.g. edge betweenness)
and XG(t) graph attributes (e.g. diameter). It should be noted that
node attributes can be either intrinsic or computed. For example,
geographic location or educational level of the nodes correspond
to intrinsic attributes, whereas degree or clustering coefficient are
computed ones. The same applies to edge and graph attributes.
In order to obtain computed attributes, it is assumed that there

exists a collection of functions F = {FX ,FG}, relevant to the vi-
sual analytics problem at hand. Functions in class FX are used for
computing quantities of interest from the intrinsic attributes. Such
functions are defined as follows: f ∈ FX : R|V | → R

q , with
1 ≤ q ≤ |V |, where | · | denotes the cardinality of the underly-
ing set. Examples of such functions include sorting an attribute,
where q = |V |, calculating the max or the min of the attribute
q = 1, quantizing (binning) the attribute in which q corresponds to
the number of prespecified bins, etc.

3. ALGEBRA
We start by introducing the main operators in the algebra, which

include aggregationA and selection S. All operators in this algebra
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take a set of graphs as input and produce a set of graphs as output.
Therefore, the algebra is closed with respect to the operators we
define, and compositions of primitive operators can be used to con-
struct compound operators (or expressions) in this algebra. In our
analysis of cases studies (see Section 4) we argue that most visual
analytics tasks can be captured by expressions in this algebra.
Set Selection: Given a collection of graphs and their attributes, D,
a set selection applied to it, based on a predicate α, is written as
σα(D) = {G ∈ D|α(G) = TRUE}. Observe that the selection
predicate is evaluated independently for each element graph of the
set, and the entire graph is either retained or discarded depending
on the truth value of this predicate.
Element Selection: This is a basic filter based on a selection predi-
cate that is applied to individual components of each element graph
in the given collection of graphs. The cardinality of the collection
remains unchanged, but each element in the collection is potentially
reduced to a smaller graph. Recall that a graph may have a set of
attributes X = [XV , XE , XG]. An element selection S takes as
argument a predicate on eitherXV orXE , and accordingly selects
either nodes (and incident edges) or edges, respectively, in each
graph, if it satisfies the specific predicate. Notice that the predi-
cate is evaluated on the entire data structure D. Formally, we have
D′ = S(D|Xi = τ), where D denotes the input data structure on
which the selection operator is applied to,Xi = τ the generic pred-
icate and the value that it is evaluated at, and finally D′ the output
data structure.
An example of an application of the selection operator is using

the computed node degree for the Catalano phone call network as
the underlying predicate, setting a high threshold in order to get the
subgraph of most active members of the movement.
Set Aggregation: We can union the sets of nodes and aggregate the
sets of edges in each partition ,Di, of D after we have partitioned
it using a grouping function of your choice. Given a collection of
graphs, Di, a set aggregation applied to it, based on a predicate β,
is written as ϕβ(Di) = {⋃i Di|β(Di) = TRUE} for some i ∈
{1, · · · , n}. The aggregation predicate is evaluated independently
for each set, and the entire set Di is either contained or discarded
in the aggregated set depending on the truth value of this predicate.
An example related to the Catalano network is aggregating the

daily data structuresDi, i = 1, 2, · · · , 10 to a couple of them cov-
ering the periods of days 1-7 and 8-10, respectively (for a justifi-
cation see Section 4). Another example would be to cluster similar
nodes according to some of their characteristics.
Element Aggregation: This operator includes summations, counts
and averages. In addition, we allow sampling as a form of aggre-
gation that returns a subset of elements sampled according to the
specified mechanism. Formally, we have D′ = A(D|Z), where
D, D′ are defined as above and Z is either an attribute or the graph
itself that is being aggregated. The following is the element aggre-
gation operator: D′ = A(D|Z) =

⋃
i{Xi ∈ D|Xi = Z}, where

Xi = Z is a generic predicate.
Graph Partitioning: This operator is the "inverse” of aggregation
with disjoin subsets. Each graph element of D is partitioned into
multiple subgraphs based on the value of appropriate predicates,γ,
defined or computed on its nodes and edges. Pγ : D → {D1, · · · ,Dn},
whereDi

⋃Dj = ∅ for all i �= j. γ is the partitioning predicate. It
evaluates independently for each element of the set and assign it to
its own subclass.
An example related to the Catalano network is using the cell

phone tower locations to split the network into three disjoint sets
for tracking the geographical movements.
In addition, for accomplishing the visual analytic task we intro-

duce a visualization operator V whose role is to provide a visual

representation of the underlying data structure of interest. The visu-
alization operator can take various forms, including different ways
of laying-out graphs [8], e.g. force-directed, hierarchical, hyper-
bolic, and also presenting the attribute data (e.g. histograms for
numerical attributes, bar-graphs for categorical ones, etc...). In ad-
dition, it is assumed that the visual operators can be composed and
thus produce multiple and possibly linked displays. Note that V
is not an operator in the algebra, in that it does not have the closure
property – it is a special operator, applied last, and used to create
visual presentations. Its output is not a collection of graphs.
In order to accomplish the required visual analytic task, we need

to apply multiple operators in sequence. In the presentation of
the case studies, several such sequences are introduced and ana-
lyzed. Specifically, the final finding will usually be the results of
a sequence of selection and aggregation operators; formally, the
data structure D� from which the finding is obtained is given by
D� = S(S(A(...A(D|Z)))).

4. ANALYSIS CASE STUDY
We analyze the workflows of the Cell Phone Mini-Challenge

from VAST 2008 [4]. This challenge requires analysis on a set
of 400 unique cell phone call records over a ten-day period to learn
the Catalano social network structure. The data set includes 9834
phone records with the following fields: calling phone identifier, re-
ceiving phone identifier, date and time, duration, and the cell tower
of the call origin. A map is also provided to show the rough loca-
tions of the cell towers throughout the island region. The purpose
of the challenge is to identify the Catalano/Vidro social network at
day ten and to characterize the social structure changes throughout
the time period. The first part of the challenge requires identifying
Ferdinando Catalano, Estaban Catalano, David Vidro, Juan Vidro,
and Jorge Vidro. Along with the data, the challenge provides a lead
that Ferdinando Catalano is identifier 200. Also Ferdinando calls
his brother, Estaban, most frequently. Finally, we know that David
Vidro coordinates high-level activities and communications within
the network.
Most competition submissions interpreted the challenge infor-

mation as a static graph where nodes represent people and directed
edges represent a call transaction. Competition entries also trans-
lated the challenge clues into a graph interpretation. For example,
to find Estaban, a common method is to search within identifier
200’s neighborhood for the node X with the most number of edges
between 200 and X.
If we preprocess the data set to convert it from a multi-edge to

a simple-edge graph by merging common directed edges between
nodes and use a force directed layout on Cytoscape [1], we pro-
duce the following hairball network shown Figure 1. This graph
displays the entire ten day period data set with node 200 and its
neighborhood nodes magnified and colored black. We also com-
puted common metrics of the data set in Table 1. The entire time
period data set forms one connected component.
From this presentation of the network, it is impossible to com-

plete the challenge tasks. There are too many nodes and edges to
even grasp any of the attribute properties such as time, cell tower
location, or duration of the call. Of the 22 competition entries,
we analyze and interpret into our framework the workflows of two
winners: MobiVis and GeoTemporalNet.

4.1 Case Study 1: MobiVis Entry
The first workflow we analyze through our framework is from

the MobiVis entry [11]. MobiVis is a visual analytics system for
social and spatial information. For social networks, MobiVis uses
graphs where nodes represent entities and edges represent a rela-
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Table 1: Data Set Network Properties
Measurement Value

Number of Nodes 400
Number of Edges 9834
Clustering Coefficient 0.02
Connected Components 1
Network Diameter 12
Characteristic Path Length 4.832

Figure 1: Hairball of entire dataset with node 200 and its neigh-
bors colored black.

Figure 2: Workflow.

tion or association. MobiVis filters on attributes and time to help
understand large data sets. We trace the data manipulation steps
used in MobiVis’ solution to the challenge. At stages which in-
volve human intuition and decisions based on visual interpretation
of a display, we formalize the method into our framework. Fig-
ure 2 shows the high level workflow. For each stage we provide the
analysis and algebraic representation of the data set and operations.
The algorithm overview below shows the algebraic expressions that
correspond to the workflow in Figure 2. In the following section we
describe each of these steps more thoroughly by incorporating the
MobiVis analysis.

Algorithm 4.1: WORKFLOW(Dataset)

1: Read in the original dataset.
D0 = {G = (V,E), XE = (Xdate, Xduration, Xtower)}

2: Compute node count.
XV count

G :
∑

i 1{Vi∈V }
D0 = {G = (V,E), XE , XV count

G }

3: Split dataset into ten days.
Pγ : D0 → D1

γ = date
D0, D1 = {D1

1, ..., D
1
10}

4: Element select node 200 subgraph for each day.
D2 = S(D1|Xi = τ200)
τ200 = One of the neighbors of 200
D0, D1, D2 = {D2

1, ..., D
2
10}

5: Set aggregation on days 1 - 7.
D3 = ϕβ(D1

i ) = {⋃7
i=1 D1

i | β(D1
i ) = TRUE}

β = days 1- 7
or element selection based on days 1-7

D3 = S(D0 | Xi = τ1−7)
τ1−7 = days 1- 7

D0, D1, D2, D3

6: Element select node 200 subgraph for days 1-7
D4 = S(D3 | Xi = τ200)
D0, D1, D2, D3, D4

7: Identify members
Estaban = maxi Xsymmfreq[i]
David = maxi Xfreq[i] = arg maxi{Xin + Xout}[i]
...

8: Repeat identification for days 8-10 data set.

At the first stage, the original data set is given by D0 = {G =
(V,E), XE = (Xdate, Xduration, Xtower)}, where the nodes rep-
resent the identifiers in the call records and edges represent call
records between identifiers. Xdate, Xduration, and Xtower are
intrinsic edge attributes, directly inserted from the original data
set. The choice between defining attributes as node versus edge
attributes depends on the application. For example, the duration of
a call is associated with a phone call transaction; therefore, duration
is more appropriate as an edge attribute.
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As we discussed earlier, it is impossible to answer the challenge
questions when we view the whole time period data set at once.
The MobiVis entry also sees this difficulty when they display the
original data set and provide a node count. To perform these actions
in our framework we call Display(G) using a suitable layout. We
can also compute a network attribute,XG, to represent the node
count. We compute this by first aggregating the number of nodes:∑

i 1{Vi∈V }. Next we store this as a network attributeX
V count
G .

Based on the challenge hint, the MobiVis entry examines node
200’s properties and interactions separately for each day. Since the
original data set represents a ten day time period, a per day analysis
is a logical choice for further examination. To perform a split on
the original data set, we use partition operator Pγ : D0 → D1 =
{D1

1, ..., D
1
10} based on the selection predicate γ = date.

Nowwe have the following collection of new data sets {D1
1, ..., D

1
10}.

After creating new data sets, we must decide whether to re-compute
attributes. Intrinsic attributes carry over; for example, the dura-
tion of a call record does not change if the call record is placed in
a different data set. However, the number of nodes in each data
set changes. So we recompute the network node count attribute,
XV count

G1
i

for each new data set created.

MobiVis filters all nodes except for the neighborhood of node
200 in their per day examination. For a similar effect, we select
the subgraph for node 200’s neighborhood on each day’s data set.
Again we use the element selection operator with predicatesD2 =
S(D1|Xi = τ200), where τ200 = {One of the neighbors of 200},
and produce the following set of graphs: D2 = {D2

1, ..., D
2
10}. In

Figure 3 we display each of these neighborhood subgraphs. We see
that node 200 is active until day 8. On day 8, there is no communi-
cation and afterwards its call pattern changes. The MobiVis entry
realizes this conclusion by observing the total duration of calls per
day for node 200. In our framework, we produce this set of total
duration values by aggregating the duration of calls on the adjacent
edges to node 200 for each day data set and displaying the results.
This leads to the next stage in the workflow: consider the first seven
days and last three days separately.
At stage 3 of the flowchart, the MobiVis entry analyzes the first

seven days. Storing all previous data sets allows us now to create
a data set of call records between days 1 and 7. In our algebra
we can either merge days 1 through 7 data sets by set aggregation:
D3 = ϕβ(D1

i ) = {⋃7
i=1 D1

i | β(D1
i ) = TRUE}. Or we

can select the first 7 days from the original data set by element
selection:D3 = S(D0 | Xi = τ1−7) where τ1−7 = days 1 - 7 .
Both methods result in the following data set of days 1 through 7,
D1−7. Again, MobiVis zooms into the neighborhood of node 200.
We select the subgraph of node 200 in the days 1 through 7 data
set,D4.
In stage 5 of the workflow, MobiVis reaches a human readable

display of the graph and begins identifying the members of the
Catalano/Vidro network. Their identification at this point is done
by visually inspecting the graph. Assuming that 200 is Ferdinando,
they identify the brother by selecting the node in 200’s neighbor-
hood with maximum symmetric frequency. The symmetric fre-
quency for vertex i is defined as follows:

Xsymmfreq
1-7 = |(X1−7)in[i] − (X1−7)out[i]| where,

Xin[i] =
∑

j,j �=i

(A1−7)ji

Xout[i] =
∑

j,j �=i

(A1−7)ij

The maximum symmetric frequency is defined as a function on

Figure 4: Days 8-10 network and Catalano/Vidro subnetwork.
The days 1-7 social network identified are the dark grey nodes.
The white nodes represent the new social network with their
adjacent edges darkened.

X symm freq, where FXsymm freq : R400 → R
1, for calculating the max

of the attribute. This results in node 5 identified as Estaban, Fer-
dinando’s brother. The challenge clue states that David is a highly
active member of the network. Therefore, MobiVis identifies David
by selecting the node with the maximum frequency:

arg max
i

Xfreq[i] = arg max
i

{Xin + Xout}[i].

Hence, node 1 is David. Once David and Estaban are identified,
the remaining two neighbors of node 200 are identified as Juan and
Jorge. There is not enough information to distinguish between the
two. In our framework, we find these nodes by selecting the next
two maximum frequency nodes in 200’s neighborhood subgraph:
D4. Juan and Jorge are identified as nodes 2 and 3.

4.1.1 MobiVis Days 8-10 Analysis
To determine the social structure after day 8, the MobiVis en-

try examines the data set of days 8 through 10 merged. This data
set is created similar to days 1 through 7 data set computed ear-
lier. The MobiVis entry hypothesizes that the elite members switch
phones after day 8. They support this hypothesis by searching for
a subgraph in the days 8 through 10 network which resembles the
200 neighborhood found in days 1 through 7. The difficulty here is
we cannot rely on the lead that node 200 is Ferdinando. To iden-
tify this subgraph, MobiVis visually inspects the days 8-10 data set
to remove nodes with low frequency of communication until they
identify a neighborhood similar to the subgraph of node 200 during
the first seven days. In our framework, we rank edges by frequency
of communication, and display the graph. Given this display, selec-
tions to remove lower frequency nodes can be iteratively performed
until we find a similar network. Figure 4 shows the subgraph Mo-
biVis finds on days 8 through 10, which they guess is the new Cata-
lano/Vidro network. The nodes in this subgraph are 309, 306, 360,
397, and 300. Visually they map the members of this subgraph to
the ones from days 1-7. We translate their visual mapping to our
algebra.
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Figure 3: Node 200’s neighborhood through the time period.

From this subgraph MobiVis identifies David by visually select-
ing the node with the highest frequency of communication. This is
equivalent to a max frequency operation,arg maxi{X1−7}freq[i],
resulting in node 309. To find Ferdinando and his brother they
find the two nodes in this network with high symmetric frequency.
Ferdinando is identified as the node with connections to Juan and
Jorge which are mapped to 397 and 301 from visual inspection.
This method to determine the new subgraph in the days 8-10 data
set might be time consuming if the data set is noisy or contains sev-
eral possible subgraphs. We notice that David in days 1-7 has the
highest degree in the network. If we simply select the node in the
merged days 8-10 data set with the maximum degree, we can nar-
row the choices for possible subgraphs. After computing maximum
degree, arg maxi

∑
j,j �=i{A1−7}ij + {A1−7}ji, we find David is

node 309. On the days 1-7 data set, a selection of node 309 results
in null. This result might support the hypothesis that the phones
were indeed replaced after day 7.
In the days 1-7 data set, Estaban and David have the most number

of common neighbors. Again if we assume that the social structure
during days 1-7 remains similar for the new set of phones, we can
identify Estaban by selecting the node with the most number of
common neighbors with David. This computation is done by cre-
ating a new node attribute: common neighbors with node 309. The
common neighbor computation is the intersection of nodes in two
rows of the adjacency matrix. For each node we store its common
neighbors with the fixed node 309. We perform a maximum aggre-
gation operator on this attribute arg maxi{X8−10}common neigh. 309[i].
Estaban is node 306.
Now we can find Ferdinando since we know Estaban is his high-

est interactivity neighbor. The final mapping produced is David:
309, Estaban: 306, Ferdinando: 300, and Juan and Jorge: 397 and
360. The algebra in coordination with the display helps support

our hypothesis and decisions at each stage. While the MobiVis en-
try does a visual inspection to support their identification mapping,
providing the exact operation helps trace the stages in the workflow.

4.2 Case Study 2: GeoTemporalNet Entry
After the competition deadline, VAST never released correct an-

swers for the challenges. The reason for not publishing the answers
is to allow open interpretation of the data sets. In the above anal-
ysis, we see the interpretation of the data set given an analyst uses
MobiVis. However, other winning entries delivered different con-
clusions. The differences in tools and interpretation of the chal-
lenge hints lead to unique results for the same data set.
The challenge hints must be translated from a word sentence to

a network property. There was a different degree of open interpre-
tation for these hints. For example, the first hint that 200 might
be Ferdinando has a direct network interpretation: identify node
200 in the graph as Ferdinando. David’s hint is that he coordinates
high-level Paraiso activities and communications. This hint does
not have a direct network interpretation. What are considered high-
level activities? What does it look like in the graph to coordinate
these activities?
We present the GeoTemporalNet entry [14], also a winner, for

the cell phone mini-challenge. Instead of analyzing their workflow
from the start, we describe the differences in analysis and results
between GeoTemporalNet and MobiVis. As we will see, our al-
gebraic framework provides a superset of operations used by Mo-
biVis and GeoTemporalNet. We can use our framework as a linking
language between the two tools. Therefore, again we analyze the
steps, this time for GeoTemporalNet, within our framework.
The GeoTemporalNet entry used a combination of tools: JS-

NVA (Java Straight-line drawing Network Visual Analysis frame-
work) and TemporalNet. JSNVA is a software framework for net-
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Table 2: Identification of Catalano/Vidro Network
Member GeoTemporalNet MobiVis (1-7) MobiVis (8-10)

Ferdinando 200 200 300
Estaban 5 5 306
David 0 1 309
Jorge 1/2 2/3 397/360
Juan 1/2 2/3 397/360

work visual analysis in different applications. The GeoTemporal-
Net group developed TemporalNet within JSNVA to show commu-
nication patterns in call graphs. They use a static graph with nodes
representing people and edges representing calls for the social net-
work. Like MobiVis, they use force-directed graphs in their layout.
The first notable analysis difference betweenMobiVis and GeoTem-

poralNet occurs at stage 5 in the workflow: the identification of
David and Estaban. GeoTemporalNet finds David through a most
common neighbor element selection operation with node 200. They
apply this operator on the original data set, which includes the en-
tire time period.

Common neighbors(i, j) = N(i)
⋂

N(j) where,

N(i) = list of neighbors for vertex i

N(j) = list of neighbors for vertex j

The common neighbor operation is performed between a pair of
nodes in a graph. As described earlier, common neighbor finds the
intersection of two rows in the adjacency matrix. In this case, the
node pair is 200 and each of the other nodes in the graph. We store
a new node attribute for the number of common neighbors with
node 200. Then we apply a maximum function to return the node
with the most number of common neighbors. This function leads
GeoTemporalNet to believe David is node 0.

David = arg max
i
Common neighbors(i, 0) for all i ∈ V

where V ∈ D0

The challenge instructions never explicitly state that David and
Ferdinando communicate directly. During the ten day period, node
0 and 200 never call each other. MobiVis does not compute com-
mon neighbors between nodes. Also, they filter nodes to observe
only node 200’s neighborhood subgraph. Therefore, their tool can-
not identify node 0 as a possible result for David.
On the other hand, GeoTemporalNet does not filter the graph to

zoom into only node 200’s subgraph. In addition, they interpret
the challenge hint differently. As a result, MobiVis and GeoTem-
poralNet provide different answers. However, as we have shown,
our framework captures both methods and can arrive at both an-
swers. The limitations of the tool on the analyst’s interpretation are
removed.
GeoTemporalNet identifies the other members, Estaban, Juan,

and Jorge, similar to MobiVis’ method. These are a series of selec-
tions for the nodes with most frequent communication with node
200. Again they perform this operation on the original data set.
The final mapping GeoTemporalNet produces is: Ferdinando:

200, David: 0, Brother: 5, Juan and Jorge: 1 and 2. Figure 5
shows the identification differences between GeoTemproalNet and
MobiVis for the Catalano/Vidro network.

4.2.1 GeoTemporalNet Days 8-10 Analysis
GeoTemporalNet does similar per day analysis as MobiVis to

Figure 5: Mapping between MobiVis and GeoTemporalNet
networks.

discover node 200’s calling pattern changes after day 7. However,
GeoTemporalNet does not guess that the members replaced phones
to explain this pattern change. In their work, they assume that a per-
son is never assigned a new phone. Instead they hypothesize that
new members entered the Pareto movement. These new members
have equivalent roles as some of the high-level members identified
in the problem: Estaban, Jorge, and Juan. They support this hypoth-

esis by computing the Jaccard coefficient,J(i, j) = |N(i)
⋂

N(j)|
|N(i)

⋃
N(j)|

for any vertices i and j , of these newmembers with their member of
equivalent societal role. The Jaccard coefficient is a vertex similar-
ity metric to measure the structural equivalence between two nodes.
This metric is simply the number of common neighbors normal-
ized. The GeoTemporalNet entry does not state how they identify
the new set of members: 309, 306, 360, and 397; or their equiv-
alent role pair: (1,309), (5,306), (3,360), and (2, 397). However,
they compute and display the Jaccard coefficient for these pairs of
nodes. They state that the high Jaccard coefficient leads them to be-
lieve these pairs have equivalent roles; therefore, the later appearing
nodes may be replacements for the previous nodes.
In our framework to produce the same support we do the follow-

ing operations: First we create a Jaccard coefficient attribute for
the following node pairs: (1,309), (5,306), (3,360), and (2, 397).
Since we are not interested in computing the Jaccard coefficient
for all node pairs in the graph, we can create a set of network at-

tributes for these node pairs, X
common neighbors(i,j)
G for all i and j in

set Ω = {(1, 309), (5, 306), (3, 360), (2, 397)} where G ∈ D0.
After analyzing the MobiVis and GeoTemporalNet entries, we

see two different workflows. Our algebraic framework captures
both methods and is also capable of filling in the intuition gaps
with algebraic operations.

5. NEW FINDINGS
Of course, the algebraic model we propose is capable of repre-

senting analyses beyond the specific examples studied in the pre-
ceding section. In this section, we present one such analysis in-
stance, showing a new analytic finding on the Catalano data set,
one that was not reported by any of the teams participating in the
VAST08 challenge.

5.1 Social Structure
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Figure 6: Edge betweenness for the original network .

On each step of the algebraical model, we compute graph related
attributes for the set of graphs and denoted as XG. Among all the
computed metrics, the most important attributes for identifying the
social structure are edge betweenness and clustering coefficient [2].

The edge betweenness is defined asBu = g(i,u,j)
g(i,j)

, where g(i, u, j)

is the number of shortest paths between vertices i and j that pass
through edge u, g(i, j) is the total number of shortest paths be-
tween i and j, and the sum is over all pairs i, j of distinct vertices
[2, 9] .
The clustering coefficient is also known as transitivity [2, 9] ,

which is based on the following definition for an undirected un-
weighted network: C = NΔ

N3
, whereNΔ is the number of triangles

in the network and N3 is the number of connected triples. There-
fore we have

NΔ =
∑

k>j>i

AijAikAjk

N3 =
∑

k>j>i

(AijAik + AjiAjk + AkiAkj)

are the elements of the adjacency matrix A and the sum is taken
over all triples of distinct vertices i, j and k. Since it assigns the
same weight for each triangle in the network, it can be related to
the clustering coefficient for each vertex, which captures the hier-
archical structure in the network.
According to the distribution of the edge betweenness [3] shown

in Figure 6, there is only a small number of edges suggesting im-
portant relationships in all the graphs. Further, almost all clustering
coefficients are small and low in transitivity, for all graphs during
the ten day period. The combination of these findings strongly sup-
ports the existence of a hierarchical structure within the Catalano
network.

5.2 Geographical location and movement
After the discovery of a change in the social structure after day

7, we examine the geographical location of the main actors in the
network, as well as their movement in the 1-7 day and 8-10 day
periods. The proposed framework can easily address such issues as
shown next.
Based on the map of Isla del Sueno, we decided to partition the

thirty cell phone towers on the island into three groups, represent-

ing the Upper, Middle and Lower sections of the island. This can be
accomplished by applying an element aggregation operator to the
towers’ location. Since one of the available attributes corresponds
to the cell tower used by the phone call’s originator, it is possi-
ble to track the caller’s movement throughout the ten day period.
However, due to the finding of a hierarchical network structure, we
focus on the leadership group formed around Ferdinando.
We start by selecting the nodes corresponding to the leadership

group for each day i. Specifically, D̃1
i = S(D1

i | Xi = τ),
where τ = subset of {1, 2, 3, 5, 200, 300, 306, 309, 360, 397} for
day i = 1, · · · , 10. Notice that for not all members of the leader-
ship group made phone calls on every day. However, some broad
patterns emerge from our analysis, as shown in Figure 7. It exhibits
the geographic location of the leadership group at different days.
The plots are constructed based on the bipartite graph defined by
the caller’s ID and the grouped (Upper, Middle, Lower) location
of the cell tower employed. Further, the length of the edges is
weighted by the call frequency of each node for that day; hence,
shorter edges indicate a more active call pattern with regards to the
tower under consideration, and longer ones a less active pattern.
It can be seen that on day 2, Ferdinando is located in the Mid-

dle section of the island, while his brother Esteban and Juan in the
Upper section. This pattern holds for days 1-7. On the other hand,
a more mobile pattern emerges for days 8-10 (operating under the
assumption that node 300 is Ferdinando , 306 is Esteban, 309 is
David, etc. For example, it can be seen that although Ferdinando
remains stationary in the Middle of the island, Esteban moves from
the Upper section in day 8 to theMiddle section in subsequent days,
while David shares his time between the Middle and Lower sec-
tions on days 8-9, but stays in the Lower one on day 10.
Figure 8 summarizes the location changes of selected members

of the leadership group throughout the ten day period. The follow-
ing conclusions can be reached.

• The person with IDs 200 and 300 is Ferdinando Catalano.
He spends the entire ten day period in the Middle section of
the island.

• Ferdinando’s brother Estaban Catalano, corresponds to IDs
5 and 306. He spends most of his time in the Upper section
of the island for the first eight days, while for the last two
days he moves to Middle section and is co-located with his
brother.

• David, a rather active member of the Catalano network, has
IDs 1 and 309. He spends the first seven days in the Middle
section, but starts visiting the Lower section on days 8 and 9
and stays there the entire length of day 10.

• A similar pattern to David’s emerges for Juan and Jorge that
exhibit more movement after day 8.

Our analysis provides additional insight on the location and move-
ments of the leadership group of the Catalano network. It is worth
noting the increased activity of several members (but not Ferdi-
nando) over the last three days. Nevertheless, without additional
information, it is hard to assess the significance of these movements
regarding the activities of the network.

6. RELATEDWORK
As the VAST Challenge demonstrates, there are several visual

analytic tools with different capabilities for geospatial activity and
behavior, text processing, and social network analyses. We fo-
cus on just a few references that particularly deal with the visual
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Figure 7: The location changes for elite members in Catalano family.

Figure 8: The individual geographical movement.

analytics of graphs. In [13], a human-centric design approach is
adopted to create a tool for descriptive graphs, while in [12] infor-
mation about the local topology of a graph is captured in a signa-
ture that aids exploration of graphs. In [6], interactive exploration
of networks is undertaken through enhanced layouts, while in [10]
semantic and structural abstractions are used for analyzing social
networks. Data traffic is explored through network maps in [7] and
Internet routing changes in [5]. A key point to observe is that while
there are several systems that have been very effective in provid-
ing better support for visual analytics of network data in a partic-
ular application context, no one has attempted to develop a formal
foundation on which to construct such systems. This is what we
aim to do. Thereby, we hope to be able to support a broad range of
applications rather than just one.

7. CONCLUSIONS
With our proposed algebraic model we can represent a large

class of visual analytic operations on graphs, as we demonstrated
through analysis of the VAST 2008 cell phone mini challenge. For
future work, we plan to consider the computational issues involved
in efficiently implementing our model and issues involved in incor-
porating this framework into a tool.
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