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Pr ¶ecis
² Do fo r summation case . Maximisation is

simila r.
² Exact inference is shown to require summing

variables out of a function by va riable
elimination :

g(X=U) = å
u2Domain (U)

f (XjU= u) :

Notation: XjA= y instantiates the A µ X variables in X with
the values y, leaving the rest uninstantiated.

² Variable elimination is best organized in a tree
structure to eliminate ine±ciencies.

² Variable elimination on a tree yields a junction
tree, which we normalize into an Almond tree .

² Computation on an Almond tree can be de¯ned
sequentially or in parallel.

c° W ray Buntine - 1 - Octob er 1, 2005



Overview
² Exact Cases: shows why we need variable

elimination.
² Linea r Elimination
² T ree-structured Elimination
² Building Go od Junction T rees
² Computation on Almond T rees
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Exact Cases
Given a set of ¯nite discrete variables X, and a graph
G.

² For an undirected graph G, exact inference is
not possible in general because the normalization
constant is not kno wn. Let the unno rmalised
functional fo rm be f (X).

p(UjV) =
å y2Domain (X=(U[ V)) f

¡
XjX=(U[ V)= y

¢

å y2Domain (X=V) f
¡
XjX=V= y

¢

² For directed graphs, some special cases exist.
T ake a subset of the full graph, convert to an
undirected graph (Lecture 2), and then use the
above metho ds.
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Exact Cases, cont.
Theo rem. For a DAG G on discrete variable set X, let

(I) ´ V \ descendents (U) = /0 ^ parents (U) µ V
(I I) ´ V \ descendents (U) = /0 ^ ancesto rs(V)?? UjV

then the follo wing hold:
p(UjV) = Õ

x2U
p(xjparents (x)) i® (I)

= å
u02Domain (U0)

p(U [ U0jV) some U0 i® (I I)

=
p(U [ V=V0jV0)

p(V=V0jV0)
some V0 otherwise :

Mo reover, condition (I) holds fo r the probabilit y inside the sum
(second equation), and there is a unique minimum U0 given by

U0 = ancesto rs(U)=(ancesto rs(V) [ V) :
Condition (I I) holds fo r the probabilit y in the enumerato r
and the denominato r (third equation), and there is a unique
maximum V0 given by the solution to
V0µ V=descendents (U) ^ ancesto rs(V0)?? (U [ V)=(V0[ ancesto rs(V0)jV0
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Exact Cases, example
Condition (I):

p(b;djs; lc;toc;t) = p(b;djs;toc)
= p(bjs)p(djb;toc)

Condition (I I):
alternatively , (U=V) \ ancesto rs(V) = /0.

p(b;djs; lc;t) = å
toc

p(b;d;tocjs; lc;t)

p(b;xjs;t;av) = å
toc;lc

p(b;x; lc;tocjs;t)

Otherwise:

p(lcjb;d) =
å s;toc p(b;d;toc; lc;s)

å s;toc;lc p(b;d;toc; lc;s)
since V0 µ f b;dg=f toc;d;xg = f bg

but V0= f bg ! f sg?=? f lc;dgj f bg
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Overview
² Exact Cases
² Linea r Elimination: to understand elimination.
² T ree-structured Elimination
² Building Go od Junction T rees
² Computation on Almond T rees
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V ariable Elimination:
No rmalising

This is the mo ralised \Asia Visit"
graph. Consider summing all
variables nÄaively to compute Z (the
normaliser):

å
x;toc;d;b;t;lc;s;av

f1(x;toc) f2(b;d;toc) f3(toc; lc;t)
f4(t;av) f5(b;s) f6(lc;s)

å
toc;d;b;t;lc;s;av

f 0
1(toc) f2(b;d;toc) f3(toc; lc;t)

f4(t;av) f5(b;s) f6(lc;s)

where f 0
1(toc) = å x f1(x;toc).
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V ariable Elimination:
No rmalising, cont.

Again:

= å
toc;d;b;t;lc;s;av

f 0
1(toc) f2(b;d; toc) f3(toc; lc;t)

f4(t;av) f5(b;s) f6(lc;s)

= å
d;b;t;lc;s;av

f1;2;3(b;d; lc;t) f4(t;av) f5(b;s) f6(lc;s)

where f1;2;3(b;d; lc;t) = å toc f 0
1(toc) f2(b;d;toc) f3(toc; lc;t).

NB. by functional fo rm of UG, new pro duct term
f1;2;3(b;d; lc;t) generates a new clique in graph.
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V ariable Elimination:
No rmalising, cont.

Again:

= å
d;b;t;lc;s;av

f1;2;3(b;d; lc;t) f4(t;av) f5(b;s) f6(lc;s)

= å
b;t;lc;s;av

f 0
1;2;3(b; lc;t) f4(t;av) f5(b;s) f6(lc;s)

where f 0
1;2;3(b; lc;t) = å d f1;2;3(b;d; lc;t).

NB. no new clique this time because eliminating
a variable that occurs inside a single clique
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V ariable Elimination:
No rmalising, cont.

å
x;toc;d;b;t;lc;s;av

f1(x;toc) f2(b;d;toc) f3(toc; lc;t) f4(t;av) f5(b;s) f6(lc;s)

= å
toc;d;b;t;lc;s;av

f 0
1(toc) f2(b;d; toc) f3(toc; lc;t) f4(t;av) f5(b;s) f6(lc;s)

= å
d;b;t;lc;s;av

f1;2;3(b;d; lc;t) f4(t;av) f5(b;s) f6(lc;s)

= å
b;t;lc;s;av

f 0
1;2;3(b; lc;t) f4(t;av) f5(b;s) f6(lc;s)

= å
t;lc;s;av

f1;2;3;5(lc; t;s) f4(t;av) f6(lc;s)

= å
lc;s;av

f1;2;3;4;5(lc;s;av) f6(lc;s)

= : : :
= Z
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V ariable Elimination:
Observations

² Eliminating toc binds all functions using toc into
one new function, thus creating a new clique on
nbrs(toc).

² Neighb ors are thus continually bonded into
cliques at each stage.

² Same happ ens if we compute a maximum instead
of a sum.

² When computing marginals fo r all variables (our
original tasks), things are a bit mo re complicated
because this pro cess is combined with a second
sweep.
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Single V ariable Elimination
For an undirected graph on variables X, and C the
set of cliques in the graph, with distribution

p(X) = Õ
C2C

fC(XC) :

If x 2 X is eliminated with a å op eration, then the
mo di¯cations are as follo ws (let Cx = nbrs(x)):

p(X ¡ f xg) = Õ
C2C:x62C

fC(XC)å
x

Õ
C2C:x2C

fC(XC)

= fCx(XCx) Õ
C2C:x62C

fC(XC) = Õ
C2C0

fC(XC)

where C0 = f C 2 C : x 62Cg[ f Cxg

i.e. nbrs(x) becomes a clique in a revised graph
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Linea r Elimination, example
If we arrange the variables linea rly in the elimination
ordering, we see the intermediate cliques that will be
fo rmed. e.g. , arcs between toc and d go to d;b;t; lc,
the arguments to f1;2;3(¢).

If the variables E have been eliminated so far,
then the clique set carried fo rw ard is Z = nbrs(E) =
[ x2Enbrs(x) ¡ E.

The cut-width or path-width is the maximum of
jnbrs(E)j along the path.
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Linea r Elimination: Summation
Supp ose we have ¯nite discrete variables X, and
an undirected graph G on X with clique set C
and we wish to solve the all ma rginals problem.
This recursive algo rithm applies ( Z = /0 initially),
mo difying X and G as it go es:
1. Have X, G and Z. For some x 2 X, build the table fCx(XCx).
2. Consider the sub-p roblem on X0= X ¡ f xg with the graph

G0 with cliques C0, new function fCx(XCx) and separating set
Z0= Z=f xg[ nbrsG(x). Return the joint ma rginal p(Z0).

3. From this, compute

p(Z0[ f xg) = p(xjnbrsG(x))p(Z0) = p(Z0)

Ã

Õ
C2C:x2C

fC(XC)

! ,

fCx(XCx)

p(Z) = å
(f xg[ nbrsG(x))

±
Z

p(Z0[ f xg)

4. From p(Z0[ f xg) or p(Z), compute p(x) and rep ort it.
5. Return p(Z).
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Linea r Elimination: example

E Z x nbrsG(x)=Z p(xj nbrsG(x))
/0 /0 x f tocg p(xjtoc)
f xg f tocg toc f b;d;t; lcg p(tocjb;d;t; lc)
f x;tocg f b;d;t; lcg d /0 p(djb;t; lc)
f x;toc;dg f b;t; lcg b f sg p(bjt; lc;s)
f x;toc;d;bg f t; lc;sg t f avg p(tjlc;s;av)
f x;toc;d;b;tg f lc;av;sg lc /0 p(lcjs;av)
f x;toc;d;b;t; lcg f av;sg av /0 p(avjs)
f x;toc;d;b;t; lc;avg f sg s /0 p(s)

This shows the key values on the linea r layout. All sets are
read directly o® the linea r layout. Note G also changes, and the
pro duct of the right column yields the full joint probabilit y.
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Linea r Elimination: example

If we replace the variable eliminated by the sequence
of sets Z0[ f xg, we get the results of the probabilit y
calculations, and a junction tree displa ying their
relationships.
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Linea r Elimination, example
ine±ciency

As di®erent parts
of the graph are
marginalized, their
expanding cliques will
not interact.
Here we marginalise
f 12g, f 0;1g, and
f 7;11;15g, leaving 3
separate cliques.
But the linea r
mo del carries all
indep endent parts
in one big table
p(2;3;4;6;8;10;13;14)
instead of p(2;4),
p(3;6;10;14) and
p(8;13).
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Linea r Elimination, details
² Note single variable elimination corresp onds to

sequence of indep endence statements on a
changing graph G

f xg?? X ¡ f xg¡ nbrsG(x) j nbrsG(x)

² Complexit y of the op eration generally
exp onential in cut-width or path-width .

² Electrical engineers lik e linea r layouts (its a 1-
D version of their 2-D layout problem). Most
of their circuits have cut-width loga rithmic in
the size of the graph (see Prasad, Chong
and Kuetzer, 1999), thus solution complexit y
polynomial.

² Is ine±cient . Elimination should be organized in
a tree or partial order. See next.
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Overview
² Exact Cases
² Linea r Elimination
² T ree-structured Elimination: the op eration we

will use.
² Building Go od Junction T rees
² Computation on Almond T rees
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T ree-structured Elimination,
example

Use a di®erent variable elimination
by separating non-interacting parts.
Elimination is now a tree or partial
order, not a single path.
Elimination order below is a partial
order. e.g. only eliminate toc after
all t, x and d are eliminated.

NB. W e will prove
later which trees are
valid orderings.
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T ree-structured Elimination,
example cont.
As elimination pro ceeds, the graph is augmented with arcs to
¯ll in new cliques. Full elimination by the go od partial order
induces the undirected graph on the left. The original linea r
order induces the one on the right.
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T ree-structured Elimination,
example cont.
Again, a layout of the mo ralized graph, in a tree shap e
corresp onding to the elimination partial order, shows the
cliques induced during elimination. As fo r the linea r case,
neighb ors of the subtree (which are turned into a clique)
corresp ond to arcs travelling out of the subtree.
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T ree-structured Elimination,
example cont.
A corresp onding junction tree. W e will see how to
get this later, but it comes from the elimination
ordering.

The maximum clique size is 5.
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T ree-based Elimination,
example cont.
A corresp onding junction tree.

The maximum clique size is 3.
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Overview b

² Exact Cases
² Linea r Elimination
² T ree-structured Elimination
² Building Go o d Junction T rees: built by

elimination, the precurso r to Almond trees.
² Computation on Almond T rees
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Building Junction T rees

² W e'll build junction trees top down, splitting
a clique C at each stage and reassigning its
neigb ors to one part of the split.

² Involves using the standa rd indep endence
op eration and graph partitioning.

² Involves ensuring neighb ors can be adequately
reassigned: each separating set must be wholly
contained in one side of the split.
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Building Junction T rees
Here's a general purp ose algo rithm.
Rep eat until no clique in the tree can be further split (at step
2).

1. Cho ose a clique C and fo rm Z the set of all existing
separating sets connected to the clique.

2. Find a decomp osition/indep endence in C, X1?? X2jZ where
Z = X1 \ X2, C = X1 [ X2 and such that fo r all Z02 Z ;Z0µ X1 or
Z0µ X2.

3. Split the clique C into X1 and X2 and attach the separating
sets to either acco rding to their memb ership, assigning
arbitra rily if in both.

NB. related theo ry in Bo dlaender, 1997. NB. One
metho d fo r cho osing indep endent sets would be to use go od
hyp ergraph partitioning soft ware with app rop riate constraints
on partitions.
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T ree-based Elimination also
Builds Junction T rees

² Note the algo rithm fo r building junction trees is
symmetric in X1 and X2 in step 2 and any clique
can be selected fo r further expansion.

² W e merge the previous Linea r Elimination
algo rithm and the Junction T ree Building
algo rithm into a T ree-Based Elimination
algo rithm as follo ws:
{ Eliminate a single variable in each cycle. For some x,

mak e X1 = f xg[ nbrs(x) and Z = nbrs(x).
{ X2 is then chosen in the next lo op at step 1 as the clique

to continue splitting.
² This spawns o® cliques containing only a single

variable in addition to separating variables, thus
\eliminating" the variable.
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T ree-based Elimination, cont
Have variables X on undirected graph G which is connected.
Build elimination ordering and up date G as you go.

Set C0 = X. Rep eat until C0 a singleton.

1. Cho ose a variable x 2 C0, i.e. , not yet eliminated.
2. The new separating set Z = nbrs(x) \ C0, the new clique is

Cx = f xg[ Z. Remove x from C0, and \¯ll in" G to mak e Cx
a clique (ma y a®ect subsequent use of nbrs(¢)).

3. For all cliques connected to C0, split them into those with
separating sets in Cx and those not. Spawn the new clique
Cx o® of C0 and allo cate the connected cliques to Cx or C0.

Pro of outline. Need to show this is an instance of general
elimination. Cx fo rmed from neighb ors of x, thus any existing
separating set either contains x and is wholly absorb ed in Cx,
or do es not contain x and thus is contained in the new C0 (and
sometimes Cx as well). Thus existing separating sets can be
correctly partitioning amongst the two cliques, although not
alw ays uniquely .
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T ree-based Elimination, cont
Here's an example on our favo rite DAG, mo ralised,
using elimination order:
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T ree-based Elimination, cont
The ¯rst few steps:

(1) eliminate av

(2) eliminate t

NB. In (3) next, new clique can attach to either of two no des.

(3) eliminate x or
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T ree-based Elimination,
heuristic

² While several suggestions exist fo r selecting x,
the next variable to eliminate, a common one is:
cho ose x to minimize the numb er of arcs ¯lled in
at that step. i.e., the numb er of arcs added to
mak e Z or Cx a clique in the graph.

² Called minimum ¯ll by Kjaerul® 1990 and
attributed to Rose, 1973.

² Kjaerul® also suggests a metho d to remove
unnecessa ry ¯ll-ins after completion.
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T ree-based Elimination, cont

At each cycle of the algo rithm, the new Z0 is also
the cut set on the hiera rchical layout to the right of
the no de just eliminated. Therefo re:

Lemma. A tree on variables X is a valid elimination
partial order fo r an undirected graph G if and only
if when arc (A;B) 2 G implies A is an ancesto r or
descendent of B acco rding to the elimination partial
order.
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Imp roving Junction T rees
Final junction tree is exactly the same as the partial
order, with the variables to eliminate f xg replaced
by their clique f xg[ Z0. But elimination builds trees
with a lot of redundancy .

Here we can merge the no des fo r b and lc;b into
s; lc;b.
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Imp roving Junction T rees, cont
Here's the junction tree built using elimination by
the linea r order.

Here we remove the third no de fo r t; lc;b;d as well
as the three on the right.

Reduction Algo rithm: build an Almond tree fo r
the junction tree by (1) merging two neighb oring
cliques if one is the subset or equal the other (and
eliminating their separating set if it has no other
connections), and (2) merging two neighb oring
separating sets if one is the subset or equal the other
(their common clique is not eliminated).
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Building Almond T ree, example
Sta rt with an extension of our favo rite graph, and
mo ralise it, red arcs show the additions.
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Building Almond T ree, example
Now sta rt eliminating. The ¯rst to eliminate
by Kjaerul® 's minimum ¯ll-in heuristic is av; f ;d;x,
because they require no ¯ll-ins ( i.e. , additional arcs
added when neighb ors are married). No ¯ll-ins, so
add concurrently .
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Building Almond T ree, example
The next to eliminate by Kjaerul® 's minimum ¯ll-in
heuristic is t, also with no ¯ll-ins (once av has been
eliminated). Note the cliques already spun o® are
reconnected app rop riately to the two new cliques.
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Building Almond T ree, example
The next to eliminate by Kjaerul® 's minimum ¯ll-in
heuristic is toc, s or ss, but since ¯ll-ins are required,
we must be careful. In fact they mak e the same ¯ll
in, so they could be added concurrently . Note the
new dashed arc added to the graph on the left (to
marry the neighb ors).

c° W ray Buntine - 39 - Octob er 1, 2005



Building Almond T ree, example
The next to eliminate by Kjaerul® 's minimum ¯ll-in
heuristic is any variables, since no mo re ¯ll-ins are
possible (the remaining graph is fully connected).
Arbitra rily we eliminate s ¯rst. The remaining set
of variables ss; lc;b is also fully connected on the
graph. W e can stop here. W e could have stopp ed
with the last set to o.
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Building Almond T ree, example
Now we have a junction tree. W e have to eliminate
redundancies by merging lik e or subsuming sets.

The two cliques on the right can be merged (w e
merged some others implicitly by stopping with the
clique ss; lc;b). The separating sets toc;b can be
merged. Mo reover, the separating set toc is a subset
of toc;b and of toc; lc thus can be merged with either
one.
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Building Almond T ree, example
Thus we have an Almond tree! Another choice
would have been to connect the clique x;toc to the
separating set toc; lc.
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Overview
² Exact Cases
² Linea r Elimination
² T ree-structured Elimination
² Building Go od Junction T rees
² Computation on Almond T rees
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Computation on Almond T rees
² Covered two no de case in discussion of

indep endence and problem decomp osition. Here
we generalize.

² In the general case, the Almond tree sta rts out
without prop erly normalized probabilities and the
e®ort is to create these at each clique.

Step 1: Initialize.

Assign each clique function fD(XD) (fo r D a clique in the
undirected graph) arbitra rily to a clique in the Almond
tree that contains D. Aggregrate these so each clique
C in the Almond tree has its function gC(XC).

c° W ray Buntine - 44 - Octob er 1, 2005



Initialization, example
Here's two examples on our favo rite DAG.

f1(s;b) f2(s; lc) f3(av;t) f4(toc;x) f5(b;toc;d) f6(lc;toc;t)
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Computation, example
The algo rithm sends messages across each separating set in
all directions in two spliced sweeps.

The message going to the left fo r separating set Z

mL(lc;toc) = å
x;b;d;s

f1(s;b) f2(s; lc) f4(toc;x) f5(b;toc;d)

The message going to the right

mR(lc;toc) = å
av;t

f3(av;t) f6(lc;toc;t)

Finally , p(lc;toc) = mL(lc;toc)mR(lc;toc).
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Computation Theo ry
² For an Almond tree on variables X, and any separating set

Z. Removing Z breaks the tree into connected comp onents
G1, ..., GK with corresp onding variables X1, ..., XK. From the
Almond tree, these intersect only in Z.

p(Z) = å
X=Z

Õ
C2G

gC(XC) =
K

Õ
k= 1

å
Xk=Z

Õ
C2Gk

gC(XC)

² Now consider Z connected to a particula r clique C. This
will be in some subgraph G0 (i.e., one of the Gk above)
which has variables X0½ X. The message from C to Z is
extracted from the above equation:

mZ;C(X) = å
X=Z

Õ
C02G0

gC0(XC0)

² These messages are evaluated recursively (sho wn later) in
terms of their downstream neighb ors. They contribute
to joint probabilities as follo ws, which rewrites the ¯rst
equation using the second:

p(Z) = Õ
C connected to Z

mZ;C(X)
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Computation Theo ry, cont.
² Lik ewise, from the persp ective of a particula r clique C

which app ears in the subgraph G0 previous, the message
from Z to C brings probabilit y mass from all cliques except
those in G0. Thus it is de¯ned by

mC;Z(X) = å
X=C

Õ
C02G;C062G0

gC0(XC0)

= å
X=C

Ã

Õ
C0 connected to Z; C06= C

mZ;C0(X)

!

² They contribute to joint probabilities as follo ws:

p(C) = gC(XC) Õ
Z connected to C

mC;Z(X)
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Computation, cont.

Step 2: Mak e Consistent. Do in parallel:

² For each clique C which is connected to K separating sets,
when C has received K ¡ 1 messages, then send the message
m(Z;C) to the last separating set Z

mZ;C(X) = å
X=Z

Ã

gC(XC) Õ
Z0 connected to C; Z06= Z

mC;Z0(X)

!

² For each separating Z which is connected to K cliques,
when Z has received K ¡ 1 messages, then send the message
m(C;Z) to the last clique C

mC;Z(X) = å
X=C

Ã

Õ
C0 connected to Z; C06= C

mZ;C0(X)

!
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Computation, cont.
Step 3: Solve.

When everything has settled, the lo cal probabilities can
be computed from:

p(C) = gC(XC) Õ
Z connected to C

mC;Z(X)

p(Z) = Õ
C connected to Z

mZ;C(X)

so can be solved to give an answ er.

² The tree-width of the Almond tree is T =
maxcliques C jCj ¡ 1, one o® the size of the largest
clique.

² Many NP-complete problems solvable in O(C2T)
fo r C the numb er of cliques in the tree fo r the
problem.
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Computation on Almond T ree,
example
T ake the big extended \trip to Asia" DAG we
converted at the end of the last section. The
Almond tree relab elled, to explain the computation,
is below. Suitable clique assignments fo r comp onent
functions are:

clique variables functions
C1 av;t p(tjav)p(av)
C2 t; lc;toc p(tocjt; lc)
C3 x;toc p(xjtoc)
C4 d;toc;b p(djtoc;b)
C5 f ;toc;b p( f jtoc;b)
C6 toc; lc;b
C7 s;ss; lc;b p(s)p(bjs;ss)

p(ss)p(lcjs;ss)
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Computation on Almond T ree,
example
Now compute the message functions. There
is one going across each arc in each direction.

mC1;Z1 = mZ1;C2

mZ1;C1 = å
av

p(tjav)p(av)

mC2;Z1 = mZ1;C1

mZ1;C2 = å
toc;lc

p(tocjt; lc)mC2;Z2

mC2;Z2 = mZ2;C6

mZ2;C2 = å
t

p(tocjt; lc)mC2;Z1

mC6;Z2 = mZ2;C2

mZ2;C6 = å
b

mC6;Z3mC6;Z4
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Computation on Almond T ree,
example

mC6;Z4 = mZ4;C7

mZ4;C6 = å
toc

mC6;Z3mC6;Z2

mC7;Z4 = mZ4;C6

mZ4;C7 = å
s;ss

p(s)p(ss)p(lcjs;ss)p(bjs;ss)

mC6;Z3 = mZ3;C3mZ3;C4mZ3;C5

mZ3;C6 = å
lc

mC6;Z2mC6;Z4

mC3;Z3 = mZ3;C4mZ3;C5mZ3;C6

mZ3;C3 = å
x

p(xjtoc)
:::
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Message P assing
Constraints: (1) messages must go in each
direction across every arc, i.e., both mZ;C and mC;Z;
(2) a message can leave a no de (C or Z) once all
but one message has been received.

² Leaves can sta rt sending message initially .
² Message passing done in parallel by ob eying

constraints.
² Message passing can be made sequential as

follo ws:
Cho ose a single no de as ro ot and orient tree
acco rdingly . Sta rt message passing upwards from
leaves by post-o rder traversal to pass messages up
the tree, to ro ot, and then pre-o rder traversal to pass
messages in opp osite direction down to leaves.
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Implementation Notes
² The algo rithm relies on rep eatedly summing over

large multi-dimensional tables.
² The tables in each clique need to be marginalised

in di®erent orders, fo r di®erent separating sets,
so the ordering of variables in the table is
imp ortant. Summing is quick er when elements
are closer together.

² Thus construction of the lo ops and layout of the
tables is critical so they op erate quickly and mak e
best use of on-chip caching. cf. Lapack, FFTs,
etc.
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You Can Do It!
The basic algo rithms here has been around fo r many
decades, and some special cases far longer.

In theo ry, and with a mild generalization to
Gaussians, you can now do:

² Hidden Ma rkov Mo dels (HMMs): a linea r chain
with side branches.

² Pearl's belief propagation.
² Kalman ¯lters (HMM with discretes replaced by

Gaussians).
² Some fast Fourier transfo rms (FFT).
² Exact cases fo r directed graphs show when

continuous and discrete variables can be
combined.
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Next W eek
² App roximate algo rithms, mostly sampling.
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