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Pr ¶ecis
² App roximations needed fo r scale and/o r speed.
² Basic metho ds built on general app roximation

techniques from statistics.
² W e compa re some of these with counterpa rts in

optimization.
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Overview
² App ro ximations: some background.
² Gibbs sampling.
² Imp ortance and Rejection sampling.
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App ro ximations: Motivation
² General maximisation on the Almond tree is

essentially an \all solutions" app roach. What
if we want just one solution?

² What if our graph is to o big fo r Almond trees?
Can an app roximation be develop ed?

² What if a fast algo rithm is needed inside a real-
time system?
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Lo cal Sea rch, example
Problem. Given a value fo r
x, ¯nd an assignment to the
remaining variables the maximises
the probabilit y p(toc;d;b;t; lc;s;avjx).
App ro ximate solution.
1. Mak e an initial assignment to

free variables.
2. Reassign toc by maximising

p(tocjd;b;t; lc;s;av;x).
3. Reassign d by maximising

p(djtoc;b;t; lc;s;av;x).
4. Reassign b by maximising

p(bjtoc;d;t; lc;s;av;x).
5. ...

Continue with other variables, and
rep eat reassigning until bored or no
mo re changes occur.
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Lo cal Sea rch, background
² The initial algo rithm tried fo r many search

problems.
² W orks prett y well on smaller problems, and some

so-called random problems.
² For instance, 3-colouring, 3SAT, graph

partitioning,
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Lo cal Sea rch: Graph Colouring
Given an undirected graph G on variables X and C
colours, ¯nd an assignment of colours to no des so
that no two neigb ours have the same colour.

Note another version of the problem is chromatic
numb er, which is to ¯nd the minimum C fo r which
the graph is colourable, as above.

Create a probabilit y distribution via

p(X) µ e¡ T å (x;y)2G1colour (x)= colour (y)

where T ¸ 0 by physical analogy is referred to as
temp erature.

² T = 0 then everything equally lik ely.
² T = 1020 then all solutions equally lik ely, and everything else

e®ectively imp ossible.
² T o ¯nd maximal probabilit y assignment, all that matters

is T > 0.

c° W ray Buntine - 6 - Octob er 6th, 2005



Lo cal Sea rch, example

no de cn°ts toc b
yello w blue

x 0 0 0
toc 2 1 0
d 1 0 0
b 1 2 0
t 1 0 0
lc 0 0 0
av 0 0 0
s 1 1 0

con°icts (x) = å
y:(x;y)2G

1colour (x)= colour (y)
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Graph Colouring Algo rithms
Tw o algo rithms, the second is an imp rovement in
the search, using a heuristic to select k at each step.
Each assume some initialisation X0 (itself a hard and
imp ortant algo rithm).

Rep eat until bored.
1. Cho ose dimension k randomly or by cycling

through.
2. Reassign xk to a colour such that con°icts (xk)

becomes a minimum.

Rep eat until bored.
1. Cho ose dimension k such that Dcon°icts (xk) is

a maximum.
2. Reassign xk to a colour such that con°icts (xk)

becomes a minimum.
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Lo cal Sea rch Algo rithm
Used to search fo r a maximal probabilit y assignment
fo r a distribution, argmax X p(X).

Input: X = X0, conditional distributions
Rep eat until bored.

1. Cho ose a dimension k.
2. Reassign xk, breaking ties arbitra rily .

xk Ã argmax xkp(xk j X=f xkg)

² Sometimes called co ordinate-wise hill climbing.
² No gua rantees that it will ¯nd a maximal. It will ¯nd a

lo cal maximum , but no go od gua rantees about time.
² Ma y run many times from di®erent random resta rts and

keep the best.
² Reassigning xk even when the probabilit y is unchanged is

called ridge running and is a critical part of the search
pro cess.
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Lo cal Sea rch, example

The Grand Cany on (from Wikip edia.o rg).
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Lo cal Sea rch Algo rithm with
Dimension Optimisation
Input: X = X0, conditional distributions.
Initiatise heap of values

score(k) = max v2dom (xk) p(xk = vj X=f xkg)
±

p(xk j X=f xkg)

Rep eat until bored.
1. Cho ose dimension k from the top of the heap.
2. Reassign xk, breaking ties arbitra rily .

xk Ã argmax xkp(xk j X=f xkg)

3. Up date heap fo r all dimensions l such that xl 2
nbrs(xk).
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Lo cal Sea rch, example

Here we have a 100 variable 3SAT problem done in
lo cal search.
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Overview
² App roximations.
² Gibbs sampling: statistical counterpa rt to lo cal

search.
² Imp ortance and Rejection sampling.
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Gibbs sampling, example

Here we have a 100 variable 3SAT problem done
with \Gibbs" search, with T > 0 in use. Now we
sample variables at each stage instead of assigning
to the value maximising lo cal probabilit y.
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Gibbs Algo rithm
Input: X0, conditional distributions, function f (X)
Rep eat until bored.

1. Cho ose dimension k (in a way that all
dimensions will eventually get chosen in some
¯xed ¯nite numb er C of cycles).

2. Resample xk in X acco rding to

xk » p(xk j X=f xkg)

3. Up date the sample mean df (X) of f (X) from the
new X.

Theo rem. If p(X) > 0 fo r all X, then (1) the value
of X from above algo rithm converges in the limit
to a sample from p(X) and (2) the sample mean
df (X) converges in the limit to the true mean f =

EX» p(X)( f (X)).

c° W ray Buntine - 15 - Octob er 6th, 2005



Gibbs Sampling Theo ry, cont.
Pro of outline fo r (1). Consider the sto chastic
matrix fo rmed from the single cycle up date,
p(Xi+ 1jXi). This is a square matrix with side
domain (jXj), call it Q. Its columns normalise to
1 since they represent the space of output values
fo r Xi+ 1, even though fo r any cycle only one xk will
change. Since p(X) > 0 fo r all X, and all dimensions
get up dated at least once in C cycles, QC is positive
fo r every entry , and is also a sto chastic matrix. By
the Sto chastic Matrix Lemma (next), fo r large N,
and any initial distribution q(X) represented as a
column vecto r ~q, QCN~q converges to a unique value.
Since p(X) is a ¯xed point of p(Xi+ 1jXi). it follo ws
that it is the unique value of convergence.
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Sto chastic Matrix Lemma
De¯nition. A positive sto chastic matrix is a square
matrix, all whose entries are positive, and whose
columns all normalise to 1.

Lemma. Let Q be a positive sto chastic matrix.
Then fo r any non-zero column vecto r ~q, limN! ¥ QN~q
exists and is given by a facto r of the unique column
vecto r ~r satisfying ~r = Q~r.

NB. Pro of on the next page uses fairly rudimenta ry kno wledge
of eigensystems (sp ectral analysis of matrices). The standa rd
pro of fo r convergence of Gibbs sampling relies on ergo dicit y
and aperio dicit y and then refers to a mo re detailed result in
Ma rkov chain theo ry. For us, this is unnecessa ry complexit y.
Positive sto chastic matrices have a simple bounding argument
to yield the result.
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Sto chastic Matrix Lemma, cont
Pro of Outline. The lemma is equivalent to: Q has a single
eigenvecto r with eigenvalue 1 and all others have absolute
value less than 1. It is su±cient to show this fo r left (ro w)
eigenvecto rs and not right (column) eigenvecto rs.

Supp ose ~s is a left eigenvecto r, so ~sQ = l ~s. Then taking the
k-th entry ,

jl skj = jl jjskj =

¯
¯
¯
¯
¯åj

Aj;ksj

¯
¯
¯
¯
¯

· å
j

Aj;kjsj j ·

Ã

å
j

Aj;k

!

max
j

jsj j = max
j

jsj j

Let k = argmax jjsj j, then this implies jl j maxj jsj j · maxj jsj j and
thus jl j · 1. When jl j = 1. this implies equalit y across the
equations. Since Aj;k > 0, it follo ws that jsj j = maxj jsj j fo r all j ,
and all sj have the same sign. Thus the only left eigenvecto r
with eigenvalue 1 is the unit vecto r.
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Gibbs Sampling Theo ry, cont.
Pro of outline fo r (2). E p(X1;:::XNjX0)

¡ ¯
¯ 1
N å N

i= 1 f (Xi) ¡ f
¯
¯¢ can be

bounded by

E p(X1;:::XNjX0)

Ã ¯
¯
¯
¯
¯
1
N

N

å
i= 1

µ
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¶
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¯
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¯
¯
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!

+ E p(X1;:::XNjX0)

Ã ¯
¯
¯
¯
¯
1
N

N

å
i= 1

p(Xi)
p(XijX0)

f (Xi) ¡ f

¯
¯
¯
¯
¯

!

If j f (X)j < F fo r all X, then the ¯rst term can be bounded by

F
1
N

N

å
i= 1

E p(X1;:::XNjX0)

µ
jp(XijX0) ¡ p(Xi)j

p(XijX0)

¶
= F

1
N

N

å
i= 1

Di

where Di = å v2dom (Xi) j p(Xi = vjX0) ¡ p(Xi = v)j. This app roaches
0 fo r large N since p(XijX0) app roaches p(Xi) linea rly, that is
jp(XijX0) ¡ p(Xi)j < Al i fo r some A and l < 1. The second term
in the original bound corresp onds to an adaptive imp ortance
sampling estimate of f and thus app roaches 0 fo r large N as
well, though this is a bit harder to show.
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Gibbs Algo rithm Details
² In Gibbs, the only requirement is the abilit y to

sample from individual conditional distributions
along each dimension.

² Theo ry extends to mixed real and discrete
domains using extensions of linea r algegra
beyond real vecto r spaces of ¯nite dimension.

² Gibbs noto riously slow, lik e plain lo cal search.
The dimensional optimization of lo cal search can
also be used as long as it is used probabilistically
so that each dimension is possible. e.g. lik e

p(cho ose k) =
score(k)

å kscore(k)
² Algo rithm usually has a burn-in when no

reco rding is done, follo wed by a reco rding when
samples are tak en at intervals of C cycles.
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Automating Gibbs
The soft ware Ba yesian Inference Using Gibbs
Sampling (BUGS) automates Gibbs style analysis
with the follo wing elements:

² A speci¯cation language fo r graphical mo dels
over a suitable class of distributions.

² A compiler that compiles mo dels into primitive
statements fo r a Gibbs abstract machine (a
runtime interp reter).

² A general purp ose conditional sampler called
adaptive rejection sampling that can handle all
instantiations of the conditional distributions
compiled by the previous step.

² A nice interface supp orting statistical input,
output, burnin, reco rding, and diagnostics.
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Overview
² App roximations.
² Gibbs sampling.
² Imp ortance and Rejection sampling: general

metho ds fo r sampling.
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Rejection Sampling, example

Problem. Given values fo r lc;b,
called evidence , sample assignments
to the remaining variables.

Solution.
1. Sample in lexographic order,

e.g., s;av;t;b; lc;toc;d;x, using the
probabilit y tables fo r the mo del,
p(xjparents (x)).

2. Reject the sample if it disagrees
with the evidence, so back to
step 1.
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Rejection Sampling in 1-D
W ant samples acco rding to
a Con°uent Hyp ergeometric,
CHG(1.1,5,-3).
So we ¯rst compute a
simila r Beta distribution,
Beta(1.192815,3.411347).
Using rejection, shave o® the
top (1-0.783228) to reshap e
it back to a CHG(1.1,5,-3),
but with only 0.783228 total
probabilit y.

1. x » Beta (1:192815;3:411347)
2. Accept with probabilit y

0:783228¤ p(xjCHG (1:1;5; -3 ))
p(xjBeta (1:192815;3:411347))
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Rejection Sampling of p(X)
Pick a prop osal distribution q(X) such that q(X) > 0
if p(X) > 0. Precompute A = minX:p(X)> 0

q(X)
p(X) .

Input: p(X), q(X) and a sampler fo r it, A.
Rep eat sampling.

1. Compute sample X » q(X).
2. Compute sample U » Unifo rm (0;1).

Until Uq(X) < Ap(X).
Return: X

² Probabilit y of acceptance in each lo op is E X» q(X)(
Ap(X)
q(X) )

which is given by A.
² Thus exp ected numb er of cycles to ¯rst acceptance is 1

A.
² Usually ine±cient in large dimensions because then A ¿ 1.
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Imp ortance Sampling, example
Problem. Given values fo r lc;b,
called evidence , sample assignments
to the remaining variables.

Solution.
1. Sample all but the evidence

in lexographic order, e.g.,
s;av;t;toc;d;x, using the
probabilit y tables fo r the
mo del, p(xjparents (x)).

2. Add a weight to the sample
acco rding to lik eliho od of the
evidence:

w = p(lcjs)p(bjs)

NB. weights not normalised prop erly so means f (X) now
computed via å i wi f (Xi)

å i wi
to normalise.
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Imp ortance Sampling of p(X)
Pick a prop osal distribution q(X) such that q(X) > 0
whenever p(X) > 0.

Input: unno rmalised p(X), q(X) and a sampler fo r it.

Compute sample X » q(X), and weight w = p(X)
q(X) .

Return: X;w.

² Every sample is used, but they are weighted di®erently .
² Usually ine±cient in large dimensions as well, somewhat

lik e rejection sampling.
² If estimating f (X), and normalisation fo r p(X) unkno wn,

then use df (X) = å i wi f (Xi)
å i wi

. If p(X) kno wn, leave out the
denominato r.
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Rejection versus Imp ortance
Sampling
Rejection sampling can generate a lot less samples
per time, but each one is go od.

Imp ortance Sampling generates lots of weighted
samples but they can be low qualit y, since a new
sample can come in with far higher weight and
completely swamp all previous samples. Practically ,
this is seen as having \la rge variance".
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Sampling on a Directed Graph
Given a directed graph G on discrete variables X.
Supp ose some subset E ½ X has been supplied
and one wishes to sample the remaining variables
conditioned on this evidence .
Rejection sampling Use prop osal distribution q(X) = p(X).
Since required distribution is p(XjE), we get that all samples
of X agreeing with the evidence E should be accepted. The
overall acceptance rate is p(E), but fo r samples agreeing with
the evidence, the acceptance rate is 1. For DAGS, originally
called Probabilistic Logic Sampling, by Henrion 1988.

Imp ortance sampling Use prop osal distribution q(X=E) =
Õx2X=E p(xjpar(x)). Since required distribution is p(XjE) has a
normalisation term p(E) we do not want to or cannot compute,
use weight

w =
p(X)

q(X=E)
= Õ

e2E
p(ejpar(e))

For DAGS, originally called lik eliho od weighting, by Shachter
and Peot 1989.
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Adaptive Rejection Sampling
One can use the samples generated so far to
get a prop osal distribution closer to the required
distribution. This is generally quiet complex but
worth the e®ort.

For the directed graph situation previously (Cheng
and Drudzel, JAIR , 2000):

Adaptive Imp ortance sampling Keep data tables fo r each
variable x 2 X=E to estimate p(xjpar(x) [ E) from the weighted
samples fo rmed so far. This value gives the optimal
imp ortance sampler, if only we could estimate it precisely!
Sampling qualit y imp roves as the estimate imp roves. This is
the best algo rithm to date fo r this general family , and quiet
sophisticated.

c° W ray Buntine - 30 - Octob er 6th, 2005



Next W eek
² Review Prof. Tirri's notes on Prop ortions.
² Pla y with the BetaCoinExp eriment applet.
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